WEIGHTED INTEGRAL MEANS OF MIXED 
AREAS AND LENGTHS UNDER HOLOMORPHIC MAPPINGS 



JIE XIAO AND WEN XU 

Abstract. This note addresses monotonic growths and logarithmic convexities 
of the weighted ((1 - ffdf, -oo < a < oo, < t < 1) integral means tK„^{f, ■) 
and \-aj]{f, ■) of the mixed area (nr^y^A(f, r) and the mixed length (2nry^L{f, r) 
(0 < yS < 1 and < r < 1) of /(rD) and 3/(rD) under a holomorphic map / 
from the unit disk D into the finite complex plane C. 



1. Introduction 

From now on, D represents the unit disk in the finite complex plane C, H(D) 
denotes the space of holomorphic mappings / : D ^ C, and U(D) stands for all 
univalent functions in //(D). For any real number a, positive number r € (0, 1) and 
the standard area measure dA, let 

dAM) = (1 - Izl^fdAiz); rD - {z € D : Izl < r|; rT = {z € D : |z| - r). 

In their recent paper ifTTl. Xiao and Zhu have discussed the following area < 
p < oo -integral means of / € //(D): 



MpAf,r) = 



1 r ^ 

AairB) J^o 

proving that r i-^ Mp^aif, r) is strictly increasing unless / is a constant, and log r i-> 
log Mp^aif, r) is not always convex. This last result suggests a conjecture that 
logr log Mp„(/,r) is convex or concave when a < or a > 0. But, moti- 
vated by IfTTl Example 10, (ii)] we can choose p -2,a - 1, f{z) = z + c and c > 
to verify that the conjecture is not true. At the same time, this negative result was 
also obtained in Wang-Zhu's manuscript 1 10|. So far it is unknown whether the 
conjecture is generally true for p + 2. 

The foregoing observation has actually inspired the following investigation. Our 
concentration is the fundamental case = 1. To understand this approach, let us 
take a look at Mi,q,(-, •) from a differential geometric viewpoint. Note that 

l/'l dA, /; [(2^^)"' Xt - 



Mur{f',r) 
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So,if/e [/(D), then 

{Inty' r \f'{z)\\dz\ 

JfT 

is a kind of mean of the length of df{tD), and hence the square of this mean domi- 
nates a sort of mean of the area of f{tD) in the isoperimetric sense: 



^A{f,t)-{nt^y' r \f'{zfdA{z)< {imy' r \nz)\\dz\ 



According to the Polya-Szego monotone principle [9, Problem 309] (or 131 Propo- 
sition 6.1]) and the area Schwarz's lemma in Burckel, Marshall, Minda, Poggi- 
Corradini and Ransford [3 Theorem 1.9], 0^,(7, •) and <1>a(/, •) are strictly in- 
creasing on (0, 1) unless f{z) = a\z with a\ + 0. Furthermore, log(l)i(/, r) and 
log Oa(/, r), equivalently, log L(/, r) and log A(/, r), are convex functions of log r 
for r € (0, 1), due to the classical Hardy's convexity and [3, Section 5]. Perhaps, it 
is worth-wise to mention that if c > is small enough then the universal cover of 
D onto the annulus {e'~ < \z\ < e~\. 

f{z) = exp[/clog(|^)] 

enjoys the property that log r i-^ log A(/, r) is not convex; see f3^, Example 5.1]. 
In the above and below, we have used the following convention: 

Mf, r) L{f, r) 

where under re (0, 1) and / € //(D), A{f, r) and L(/, r) stand respectively for the 
area of /(rD) (the projection of the Riemannian image of rD by /) and the length 
of df{rD) (the boundary of the projection of the Riemannian image of rD by /) 
with respect to the standard Euclidean metric on C. For our purpose, we choose a 
shortcut notation 

duait) = (1 - t^fdt^ & Va{t) = HailO, t]) V te (0, 1), 

and for < yS < 1 define 

and then 

Jo d/Uait) Jo d/Uait) 

which are called the weighted integral means of the mixed area and the mixed 
length for /(rD) and df{rD), respectively. 

In this note, we consider two fundamental properties: monotonic growths and 
logarithmic convexities of both Aa^if, r) and \-afi(f, r), thereby producing two 
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specialities: (i) if r i-^ ^tif, f) is monotone increasing on (0, 1), then so is the 
isoperimetry-induced function: 

j;[OL,lif,t)fdfIait) ^ 

r ^ TF— — ^ A„,i(/, r); 

Jo dllait) 

(ii) the log-convexity for \-afi=\{f,r) essentially settles the above-mentioned con- 
jecture. The details (results and their proofs) are arranged in the forthcoming two 
sections. 

2. MoNOTONic Growth 

In this section, we deal with the monotonic growths of ka^if, r) and \-afi{f, r), 
along with their associated Schwarz type lemmas. In what follows, N is used as 
the set of all natural numbers. 

2.1. Two Lemmas. The following two preliminary results are needed. 



Lemma 1. |6 . Theorems 1 & 2] Le? / € //(D) be of the form f{z) = aQ + 1^"^,, auz^ 
with « € N. Then: 

(i) 7rr2«[L^M]'<A(/,r) V r € (0, 1). 

(ii) 27rr"[^] <L(/,r) V r e (0, 1). 

Moreover, equality in (i) or (ii) holds if and only if f{z) = aQ + anZ"- 



Proof. This may be viewed as the higher order Schwarz type lemma for area and 
length. See also the proofs of Theorems 1 & 2 in [6|, and their immediate re- 

marks on equalities. Here it is worth noticing three matters: (a) ^, is just a„; 
(b) 15] Corollary 3] presents a different argument for the area case; (c) L(/, r) is 
greater than or equal to the length /(r, /) of the outer boundary of /(rD) (defined in 
16]) which is not less than the length /*(r, /) of the exact outer boundary of /(rD) 
(introduced in [12]). □ 

Lemma 2. LetO </3 < 1. 

(i) Iff e //(D), then r ^Afiif^ f) is strictly increasing on (0, 1) unless 

constant when /? < 1 
linear map when /? = 1- 



/ 



(ii) If f e U(D) or f{z) = ao + a„z" with « € N, then r i-^ ^L,ii{f,r) is strictly 
increasing on (0, 1) unless 



f 



constant when /? < 1 
linear map when /? = 1- 



Proof. It is enough to handle /3 < 1 since the case /3 = 1 has been treated in ||3l 
Theorem 1.9 & Proposition 6.1]. The monotonic growths in (i) and (ii) follow from 

<^aM r) = {nr'f-P^A^iif, r) & L(/, r) = (2;rr)i-^Oi,i(/, r). 

To see the strictness, we consider two cases. 
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(i) Suppose that ^A,ji{f, is not strictly increasing. Then there are ri, r2 e (0, 1) 
such that r\ < r2, and (^Afiif, •) is a constant on [ri, ri]. Hence 



Equivalently, 



2/3A{f,r)^r—A(f,r) V re[ri,r2]. 



But, according to E (4.2)]: 

2A{f,r)<r^A{f,r) V r e (0, 1). 

Since yS < 1, we get A(/, r) = for all re [ri , r2], whence finding that / is constant. 

(ii) Now assume that <I>l,^(/, •) is not strictly increasing. There are r^,, r4 € (0, 1) 
such that r3 < r4 and 

= ^^Lfiif, r) = {2nryf[-^L{f, r) - ^L(/, r)]=0 V re [rg, r4]. 



dr 

If/e [/(D) then 



^/,^)= r \f\z)\\dz\ 

JrT 

and hence one has the following "first variation formula" 

^L(J,r)= C \f{re'')\de + r^ C \f'{re'')\dG V re[r3,r4]. 
dr Jo dr Jo 

The previous three equations yield 

O-(l-yS) r l/W^ + r^ r"\f'{re")\d9 V re[r3,r4] 
Jo Jo 



and so 



pin 



|/'(re'Ve = V re[r3,r4]. 



This ensures that / is a constant, contradicting / e U(G>). Therefore, f{z) is of 
the form + a^z"- But, since L{z",r) = Inr" is strictly increasing, / must be 
constant. □ 



2.2. Monotonic Growth of fi^afiif, •)• This aspect is essentially motivated by the 
following Schwarz type lemma. 

Proposition 1. Let -oo < a < oo, < p < 1, and f e //(D) be of the form 
f{z) = flo + HkLn '^kz'^ with « e N. Then 



Va{r) 



j;t^("-i^u^,{t) 

with equality if and only if f{z) = oq + a^z". 



V r e (0, 1) 
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Proof. The inequality follows from Lemma [U (i) right away. When /(z) - + 
QnZ"', the last inequality becomes equality due to the equality case of Lemma [T] 
(i). Conversely, suppose that the last inequality is an equality. If / does not have 
the form + a„z", then the equality in Lemma [I](i) is not true, then there ai^e 
r\,r2 € (0, 1) such that r\ < and 

This strict inequality forces that for re [ri, r2], 

= (X ' ^ X " ^ X ) ^'"-(^^ 

a contradiction. Thus f{z) = ao + anZ"- □ 

Based on Proposition [H we find the monotonic growth for fK^^i-, •) as follows. 

Theorem I. Let -oo < a < oo, < /3 < I, and f e //(D). Then r i-^ Kfiif, r) is 
strictly increasing on (0, 1) unless 



f = 



constant when yS < 1 
linear map when yS = 1. 



Consequently, 
(i) 



. / when p< 1 

limA.,^(/,r) = | 



(ii) // 



then 



^Afiif, 0) lim <Da,/3(/, r) & <Da,/5(/, 1) lim ^Afiif, r) < oo, 

r— »0 r— »1 



0<r<5<1^0< , . . , ^ . . < ^Afiif, s) - ^Afi{f,Q) 

log Va{s) - log V^C) 

with equality if and only if 

J constant when yS < 1 
1 linear map when y6 = 1 . 

particular, t ^ l^afiif, is Lipschitz with respect to \ogVa{t) for t e (0, 1). 

Proof. Note that Va{r) - dfia{t). So dv^ir), the differential of Vair) with respect 
to r € (0, 1), equals dfiair). By integration by parts we have 

OA,/3(/,r)v,(r)- r (DA,/^(/,0^///a(0 = r [4a>A,/j(/,0]v„(0^/?. 
Jo Jo "f 
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Differentiating the function kafiif, r) with respect to r and using Lemma |2](i), we 
get 

d ^Afiif, r)lr(\ - r^Tv^ir) - [ t) d^M^ril - r^Y 

^^-^^^'^^ - 

2r(l - r^r [Oa,/3(/, t)y^(r) - ^Afiif, d^ia{t)\ 



2r(l - r^r £ [|g>A./?(/, t)]va{t) dt 



> 0. 



As a result, r i-> kafiif, r) increases on (0, 1). 

Next suppose that the just- verified monotonicity is not strict. Then there exist 
two numbers rx,r2 e (0, 1) such that < r2 and 

Consequently, 

^KMr) = V re[rur2] 



and so 



Then we must have 

|3>A,M/'0-0 V ?€(0,r) with r€[ri,r2], 

whence getting that if /? < 1 then / must be constant or if yS = 1 then / must be 
linear, thanks to the argument for the strictness in Lemma |2](i)- 
It remains to check the rest of Theorem d] 

(i) The mono tonic growth of fK^fiif, •) ensures the existence of the limit. An 
application of L'Hopital's rule gives 

1- A X 1- ^ X f when /3 < 1 
limA,^(/,r) = hmO^//,r) = | ^^,^^^^2 ^^en /3 ^ 1. 

(ii) Again, the above monotonicity formula of fK^fiif, •) plus the given condition 
yields that for s e (0, 1), 



sup Aq,,/5(/, r) = Aa,/}{f, s) <oo. 
r£(0,s) 
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Integrating by parts twice and using the monotonicity of (^Afiif, •)> we obtain that 
under < r < < 1, 

r d 

= I j^K4f't)dt 

< K(/,«)-o.,</,o)]J'^^. 

This gives the desired inequality right away. Furthermore, the above argument plus 
Lemma |2](i) derives the equality case. 

□ 

As an immediate consequence of Theorem [T] we get a sort of "norm" estimate 
associated with (^Ajiif, •)■ 

Corollary 1. Let -oo < a < oo, < p < \, and f e //(D). 

(i) If-oo < a < - I, then 

r 1>A,/3(/, t) duait) = sup r <Da,/j(/, t) duait) < oo 

Jo re(0,l)Jo 

if and only if f is constant. Moreover, sup^g^Q IKafiiJ, r) = (^A,/jif, !)• 

(ii) If -I < a < oo, then 

KM r) < AaM 1) := sup AaM ^) V r € (0, 1), 

.ve(0,l) 

where the inequality becomes an equality for all r € (0, 1) if and only if 

constant when yS < 1 
linear map when /3 - I. 

(iii) The following function a l^afiif^ 1) is strictly decreasing on (-1, oo) unless 

constant when y6 < 1 
linear map when /? = 1 - 

Proof, (i) By Theorem [T] we have 



/ = 



/ 



£^Afi{f,t)dpa{t) 



Note that 

limy„(5)-oo & lim f OA4f,t)dna{t)^ { <^Afi{f,t)dHa{t). 
-^^iJo Jo 

So, the last integral is finite if and only if 

<^AMr) = ^ V re {0,1), 



g 
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equivalently, A{f, r) - holds for all r € (0, 1), i.e., / is constant. 

For the remaining part of (i), we may assume that / is not a constant map. Due 
to limr^i Va{r) = oo,we obtain 

lim r ^Afi{f,t)dlla{t) = r ^Afi(J,t)dHa{t) = oo. 

'"^1 Jo Jo 
So, an application of L'Hopital's rule yields 

^sup KM r) = hm — = hm - W D- 

(ii) Under -1 < a < oo, we have 

lim y„(r) = y„(l) & lim f Q>A,M,t) dfiaiO ^ [ (l>A,/3{f'0dfi. 
'■^i '■^1 Jo Jo 

Thus, by Theorem[T]it follows that for r € (0, 1), 

K,/3(f,r)<limA^M,s) = [va{l)r^ [ Oa//, ^/A/aCO - sup A„//, 

Jo ie(0,l) 

The equality case just follows from a straightforward computation and Theorem[T] 

(iii) Suppose -1 < ai < ai < oo and f^a^fiif, 1) < oo, then integrating by parts 
twice, we obtain 



(0- 



s). 



Jo 



(r) 



-K(i)]"' r 

Jo 



(1 _ r'^f2-ai " 

dr 



{ ^A,p{f,t)dlXa, 
JO 



(0 



K(i)] 



< [v„,(1)]"'A„,,^(/, 1) C y,,(r)4 - (1 - r2f2--.] 
JO 

-A„,,^(/,l)K(l)]-i r (l-r2r-«.^;,„^(r) 
LJo 

- A„,,^(/, 1), 

thereby establishing Aq,2,^(/, 1) < f^aifiif, 1)- If this last inequality becomes equal- 
ity, then the above argument forces 

r <^AMt)dlUa,it) = Aa,,f,if,l)Va,ir) V r € (0, 1), 

Jo 

whence yielding (via the just- verified (ii)) 

constant when yS < 1 



/ = 



linear map when /3 = 1 . 
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2.3. Monotonic Growth of La^/sif, •)• Correspondingly, we first liave tiie follow- 
ing Schwarz type lemma. 

Proposition 2. Let -oo <a<oo, 0</3<l, and f e //(D) be of the form 
f{z) = ao + 'Tj'k=n '^kz'^ ^^^^ « € N. Then 



{^ttY p[ ■ — J < U,/j(/,r) 



V r € (0, 1) 



j;t"-t^dMt) 

with equality when and only when f - ao + anZ"- 

Proof. This follows from Lemma [I](ii) and its equality case. □ 

The coming-up-next monotonicity contains a hypothesis stronger than that for 
Theorem [T] 

Theorem 2. Let -oo <q'<cx5, 0<y6<l, and f e U{I)) or f{z) = ao + a^z" with 
n eN. Then r \-afi{f, r) is strictly increasing on (0, 1) unless 



f = 



constant when yS < 1 
linear map when /? = 1- 



Consequently, 
(i) 



,. , ,^ , f when B < I 
limU^(/,r)^| w/.e« p = I. 



iu)If 



then 



^Lfi(.f, 0) lim Ol,^(/, r) & (Dl,^(/, 1) := Um <Dl,^(/, r) < oo, 

r^O r— >1 



0<r<5<1^0< , . . , , , < %,/?(/, s) - (1)l,/j(/,0) 

log Va{s) - log Va{r) 

with equality if and only if 

J constant when yS < 1 

1 linear map when yS = 1 . 

In particular, 1 1-> L(yy3(/, t) is Lipschitz with respect to log Va(t)for t e (0, 1). 

Proof. Similar to that for Theorem[T] but this time by Lemma|2](ii). □ 

Naturally, we can establish the so-called "norm" estimate associated to ^Lfiif, •)■ 

Corollary 1. LetQ<p<\ and f € [/(D) or f{z) = ao + anZ" with « e N. 
(i) //■-oo < a < -I, then 

f ^L,/i(f, t) dHait) = sup r ^idf, t) dllait) < oo 
Jo re(0,l)Jo 

if and only if f is constant. Moreover, sup^g^g,!) ^a,ii{f,r) = <1>l,/3(/, 1)- 
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(ii) If -I < a < oo, then 



Ufiif, r) < U,^(/, 1) := sup U,^(/, ^) V r e (0, 1), 

.se(0,l) 

where the inequality becomes an equality for all re (0, 1) if and only if 

constant when y6 < 1 



f = 1 

' linear map when y6 = 1 . 

(iii) a 1-^ Lq,_^(/, 1) is strictly decreasing on (-1, oo) unless 

J constant when y6 < 1 
1 linear map when y6 = 1 - 

Proof. The argument is similar to that for Corollary [T] but via Lemma |2](ii)- 



□ 



3. LOGARITHMIC CONVEXITY 



In this section, we treat the convexities of the functions: log r 
and log r i-^ log Lq,^j(/, r) for r € (0, 1). 



log 

3.1. Two More Lemmas. The following are two technical preliminaries. 



Lemma 3. ifTOl Corollaries 2-3 & Proposition 7] Suppose f{x) and 

are positive and twice differentiable for x € (0, 1) such that the function H{x) = 

'Tj'k=Q ^k{x) is also twice differentiable for x € (0, 1). Then: 

(i) log X 1-^ log f{x) is convex if and only if log x i— > logf(x^) is convex. 

(ii) The function log x log /(x) is convex if and only if the D-notation off 

fix) I f'(x)\' 
D{f{x)) := + -^Httt ^0 ^ X e (0, 1). 



fix) \/(x) 

(iii) If for each k the function log x i— > log hk{x) is convex, then log x i— > log H(x) is 
also convex. 

Lemma 4. Let f e //(D). Then f belongs to [/(D) provided that one of the follow- 
ing two conditions is valid: 
(i) L8J or LL Lemma 2.1] 



/(O) - /'(O) - 1 = & 
(ii) H Theorem 1] or H Theorem 8.12] 



zV(z) 



fHz) 



1 



< 1 V ze 



If'iz)] 


' 1 


\f"{z)] 


2 


[f'(z)\ 


2 


[nz)\ 





<2(l-|z|2)-^ V z€ 
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3.2. Log-convexity for k^^if, •)• Such a property is given below. 
Theorem 3. LetO </3 < 1 and < r < 1. 

(i) If a € (-00,-3), then there exist f,g € //(D) such that log r i— > log kafiif^ f) 
not convex and log r i— > log kafi{g, r) is not concave. 

(ii) If a e [-3,0], logr i-^ log A„ j(a'„z", r) convex for a^ + vviY/z « € N. 

logr logA„,i(/,r) 

w convex for all f €. U (D). 

(iii) //'or e (0, oo), log r i-^ log kafii'^nZ'^ , r) is not convex for an and « e N. 

Proof. The key issue is to check whether or not log r i-^ log kafiiz", r) is convex 
for r e (0, 1). 

To see this, let us borrow some symbols from lITOl . For A>0 and < ;c < 1 we 
define 



fAix)= rt\i-trdt 

Jo 



and 



A(/{, X) = — 1- X 



fAix) \/l(x) 



/oW //o'(x)\' 

+ X 



foix) \foix) 



Given n e N. A simple calculation shows 0^,^3(2", - ^f^^" ^\ and then a 
change of variable derives 

Aa,/j(Z ,r) = — 

[ foir^) _ 

In accordance with Lemma |3] (i)-(ii), it is readily to work out that log r i-> 
log Aafiiz", r) is convex for r € (0, 1) if and only if A{n-/3, ;c) > for any x e (0, 1). 
(i) Under a e (-00, -3), we follow the argument for lITOl Proposition 6] to get 

A{a + 1){A + 2 + a) 

lim A(A, x) T . 

x^i (a + 2)2(a + 3) 

Choosing 

z. when /? < 1 



■^^^^ ^" 1 when /3 = 1 

and A = n-p, we find limj^^i A{A, x) < 0, whence deriving that log r i-> log Aq,(/, r) 
is not convex. 

In the meantime, picking « e N such that n > p - (2 + a) and putting g{z) = z", 
we obtain 

V ^r « ^ (n - /?)(« + l)(n -;6 + 2 + a) ^ ^ 

hm A(?i - B,x) > 0, 

^^1 (a + 2)2(a + 3) 
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whence deriving that log r log A^fiig, r) is not concave, 
(ii) Under a € [-3, 0], we handle the two situations. 
Situation 1: f e U{I}). Upon writing f(z) = Z^o'^"^"' compute 



n=0 

and consequently, 

I.ZonKn;(nt^r'Mf,t)d^^^(t) - 
K,i{f,r) = — = > n\an\ Aa,i{z ,r). 

So, by Lemma[3](iii), we see that the convexity of 

log r log 1 (/, r) under / € U{B) 

follows from the convexity of 

log r log fKa^iiz", r) under « e N. 

So, it remains to verify this last convexity via the coming-up-next consideration. 
Situation 2: f{z) - a„z" with a„ 0. Three cases are required to control. 
Case 1: a = 0. An easy computation shows 

Ao,i(z",r) = n-V2("-i) 

and so log r i-^ log Ao,i(z", r) is convex. 

Case 2: -2 < a < 0. Under this condition, we see from the arguments for [|T0] 
Propositions 4-5] that 

A(«-l,x)>0 V « - 1 > & < X < 1, 

and so that log r i-> log r) is convex. 

Case 3: -3 < a < -2. With the assumption, we also get from the arguments for 
lITOl Propositions 4-5] that 

Ain -l,x)> A(-2 -a,x)>0 V x € (0, 1) & « - 1 € [-2 - a, oo) 

and so that log r i-^ log Aq,j(z", r) is convex when n > 2. Here it is worth noting 
that the convexity of log r i-^ log A^jCz, r) = is trivial. 

(iii) Under < or < oo, from the argument for [10 Proposition 6] we know that 
A(n - j6, x) < as X is sufficiently close to 1. Thus log r i-^ log /^a,^i'^nZ'\ r) is not 
convex under an i= 0. □ 

The following illustrates that the function log r i-^ log ka^if, r) is not always 
concave for a > 0, < y6 < 1, and / € ?7(D). 

Example 1. Let a = 1, j6 € {0, 1), and f(z) = z + j-- Then the function logr i-^ 
log Aafiif, r) is neither convex nor concave for r € (0, 1). 

Proof. A direct computation shows 

Iz + 2P 







z\\+z) ^ 


fKz) 




iz + f )2 
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Since 

kl < 1 < 2 - Izl < Iz + 2| V z € D. 
So, / € U{B) owing to Lemma|4](i). By f'{z) = z + 1 we have 

A(f,t)= [ \z+l\^dA(z) = K(f+^\ 

JtD ^ 

plus 

f(''^-y-T) when y6 - 



Jo 



JO 

Meanwhile, 



,4 ,6 



[ - J- - % when P - 1 



So, we get 



r 



A 



Ai,/j(/,r) = 



12(2-r2) 
\2-l,r^-2f 



— when y6 = 
6(2# When /3=1 
and in turn consider the logarithmic convexities of the following function 



2-x 
-3x- 
2-x 



when p = 



i^=2x=2xz. ^hen J3 = 1 



for X e (0, 1). 

Using the so-called D-notation in Lemma[3l we have 

j D{\2x - 4x^ - 3x^) - D{2 - x) when J3 = 
0{hfj{x)) - I ^^^2 -3x- 2x^) - D{2 - x) when J3 = 1 

for X € (0, 1). By an elementary calculation, we get 



fD(12x-4x^-3x3)= -g:^f 
D(2 - x) = 



.2 

2 



D(12-3x-2x2).^f^. 



Consequently, 



Dih,ix)) = (12-4x-3.^;(2-x> 



^^^§7^ When ^^0 



when /3 - I, 



{ (12-3x-2a:2)2(2-x)2 

where 

48 - 288x + 232x2 - 72x^ + ISx'^ when yS - 
72 - 192x + 147x2 - 48x3 + Vx"^ ^^^^ 



(X) 



Now, under x e (0, 1) we find 
go(x) - -288 + 464x - 216x2 + 6Qx^ & g'^ix) = 464 - 432x + 180x1 
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Clearly, g'^ix) is an open-upward parabola with the axis of symmetry x - ^ > \. 
BygQ(l) = 212 > and the mono tonicity of on (0, 1), we have gQ (x) > for 
all X € (0, 1). Thus gQ is increasing on (0, 1). The following condition 

g[,(0) = -288 < & g^(l) = 20>0 

yields an xi e (0, 1) such that g'^ix) < for :ic € (0, xi) and g[^{x) > for jc € (xi, 1). 
Since go(0) = 48 and go(l) - -65, there exists an xq e (0, 1) such that go{x) > 
for X € (0, xq) and goix) < for a; € (xq, 1). Thus the function log x i-^ log ho{x) is 
neither convex nor concave. 

Similarly, under x e (0, 1) we have 

g\{x) - -192 + 294x - 144x2 ^ 28x^ & g'{{x) = 294 - 288x + Mx^. 

Obviously, g"{x) is an open-upward parabola with the axis of symmetry x = 4^ > 
1. By g"(l) = 90 > and the monotonicity of g" on (0, 1), we have gj'(x) > for 
all X € (0, 1). Thus gj is increasing on (0, 1). The following condition 

g;(0) = -192<0 & g'i(l)--14<0 

yields g[ix) < for x € (0, 1). Since gi{0) = 72 and gi(l) = -14, there exists an 
Xq € (0, 1) such that gi(x) > for X e (0, xq) and gi(x) < for x e (xq, 1). Thus 
the function log x i-> log /ji (x) is neither convex nor concave. □ 

3.3. Log-convexity for Lafiif, •)• Analogously, we can establish the expected con- 
vexity for the mixed lengths. 

Theorem 4. LetO </3 < I and < r < 1. 

{i)Ifa€ {-oo, -3), then there exist f,g & //(D) such that log r ^ log \-afi{f, r) is 
not convex and log r ^ log \-afi{g, r) is not concave. 

(ii) If a € [-3,0], then logr i-^ log LQ,j(a„z", r) is convex for an with n e N. 
Consequently, log r i-^ log Lq, j(/, r) is convex for f e ?7(D). 

(iii) If a e (0, oo), then log r i-^ log LQ,jg(a„z", r) is not convex for an + and « € N. 

Proof. The argument is similar to that for Theorem |3] except using the following 
statement for a e [-3, 0] - If / € ?7(D), then there exists g(z) = ^^^^ 
that g is the square root of the zero-free derivative /' on D and /'(O) = g^iO), and 
hence 

0)^,1 = {2nty' [ \fiz)\\dz\ 

JtT 

= (Int)-' [ \g{zf\dz\ 

oo 
n=0 

□ 

Our concluding example shows that under < a < oo and < yS < 1 one cannot 
get that log \-ajiif, r) is convex or concave in log r for all functions / € U(D). 
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Example 2. Let a - \, p e and f{z) = (z + 2)^. Then the function logr i-^ 

log \-afi{f, r) is neither convex nor concave for r € (0, 1). 

Proof. Clearly, we have 

/'(z) - 3(z + 2)2 & /"(z) = 6(z + 2) 
as well as the Schwarizian derivative 



It is easy to see that 
So, 



\f"iz)] 


' 1 




' -4 


[f'(z)\ 


2 


[f'{z)\ 


(z + 2)2 



\f"{z)] 


' 1 


\f'\z)] 


2 


[nz)\ 


2 


[nz)\ 





V2(l - Izp) < 2 - Izl V ze \ 
4 4 



k + 2|2 - (2-k|)2 - (l-|zp)2- 

By Lemma |4](ii), / belongs to ?7(D). Consequently, 

pin 

L{f, t) = I de = 6nt{t^ + 4) 

Jo 

and 

lln(^r^ - fr^ - Ijr^) when /? - 
when yS = 1. 



Jo 



12r2 - |r4 - r6 



Note that yi(r) = - ^. So, 



-hen ^ = 

24-9r2-2r^ when /? = 1. 



2-r^ 



To gain our conclusion, we only need to consider the logarithmic convexity of 
the function 



hp{x) 



2-x 



when 13 = 
when yS = 1. 



Case 1:13 = 0. Applying the definition of Z)-notation, we obtain 



D(140x-63x^ - 15x0 



-35280X - 33600x3 + ^^q^Q^i 



(140 - 63x2 _ 15^)2 



and 



D(2 - x2) = 



-Sx 



(2-x2)2' 



whence reaching 

D{ho{x)) = D(140x - 63x3 _ ^^^5^ _ j^^2 - x^) = 
where 



4xgo{x) 



(140-63x2 - 15x4)2(2 -x2)2' 
goix) = 3920 - 33600x2 ^ 28098x'^ - 8400x'^ + 1395x1 
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Obviously, 

go(0) = 3920 >0 & go(l) = -8587 < 0. 
Now letting s - x^,v/e get 

goix) = Go(j) = 3920 - 33600^ + 28098/ - 8400^^ + 1395/, 

and 

G'q(s) = -33600+561965-25200/ +5580/ & Go (5) = 56196-504005+16740/. 

Since the axis of symmetry of Gq is 5 = ^ > 1, Gq is decreasing on (0, 1). Due 
to G^'(l) = 22536 > 0, we have G'^(s) > for all s e (0, 1), i.e., Gq(s) is increasing 
on (0, 1). By 

Go(0) = -33600 < & Go(l) - 2976 > 0, 

we conclude that there exists an £ (0, 1) such that Gq{s) < for s e (0, ^o) 
and G'q{s) > for 5 e (^o, !)• Then there exists an xq e (0, 1) such that go{x) is 
decreasing for x e (0, xq) and go(x) is increasing for x e (xq, 1). Thus there exists 
an xi € (0, 1) such that go(x) > for x e (0, xi) and go(x) < for x e (xi, 1). As a 
result, we find that log r log \-a,o(f, r) is neither concave nor convex. 
Case 2: Again using the D-notation, we obtain 

... ^ ^2. -216-192X + 18/ 

D(24 - 9x - 2/) = — — 

(24 -9x- 2x2)2 

and 

D{2 - x) - ~^ 



(2-x)2' 
whence deriving 

D{hi{x)) = D(24 - 9x - 2x^) - D{2 - x) = 



2gi(x) 



(24 -9x- 2x2)2(2 -x)2' 
where 

giix) = 144 - 384x + 297/ - 96x^ + Ux'^. 

Now we have 

g;(x) = -384 + 594x-288/ + 52/ & //(x) = 594 - 576x + 156/. 

Since the axis of symmetry of gj'(x) is x = y| > 1, g"{x) is decreasing on (0, 1). 
Due to g'{{l) ^ 174 > 0, we have g'{(x) > for all x e (0, 1), i.e., g[{x) is 
increasing on (0, 1). By 

g'i(O) = -384 < & /i(l)--26<0, 

we conclude that g\{x) < for x e (0, 1). Obviously, 

gi(0) = 144>0 & gi(l) = -26<0. 

Hence there exists an xq e (0, 1) such that gi(x) > for x e (0, xq) andgi(x) < for 
X e (xo, 1). Consequently, we find that log r 1-^ log Laj3=i{f, r) is neither concave 
nor convex. □ 
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